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Abstract. In this paper we prove the Pohozaev identity for the semihnear Dirich- 
let problem (-A)"^ = f{u) in 17, m = in Here, s S (0, 1), (-A)" is the 

fractional Laplacian in K", and 17 is a bounded C^'^ domain. 

To establish the identity we use, among other things, that if m is a bounded 
solution then u/(5^|si is C" up to the boundary where S{x) = dist(a::, 917). In 
the fractional Pohozaev identity, the function u/(5*|asi plays the role that du/dv 
plays in the classical one. Surprisingly, from a nonlocal problem we obtain an 
identity with a boundary term (an integral over 917) which is completely local. 

As an application of our identity, we deduce the nonexistence of nontrivial 
solutions in star-shaped domains for supercritical nonlinearities. 



1. Introduction and results 



Let s G (0,1) and consider the fractional elliptic problem 



'l.D 



-A)"u 
u 







in a bounded domain i7 C M", where 
(1.2) {-Ayu{x) = c„,,PV 



in Q 
in 



ujx) - u{y) 



dy 



is a normalization constant given by (A.l). 



is the fractional Laplacian. Here, c 

When s = 1, a celebrated result of S. L Pohozaev states that any solution of (1.1 ) 
satisfies an identity, which is known as the Pohozaev identity [16]. This classical 
result has many consequences, the most immediate one being the nonexistence of 



nontrivial bounded solutions to (1.1) for supercritical nonlinearities /. 



The aim of this paper is to give the fractional version of this identity, that is, 
to prove the Pohozaev identity for problem (1.1) with s G (0, 1). This is the main 
result of the paper, and it reads as follows. Here, since the solution u is bounded. 



the notions of weak and viscosity solutions agree (see Remark 1.5) 
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Theorem 1.1. Let Q be a bounded and C ' domain, f be a locally Lip schitz func- 
tion, u be a bounded solution of (1.1), and 

5{x) = dist(x, dVl). 

Then, 

u/5'\n G C"(n) for some a G (0, 1), 

meaning that u/5'^\^ has a continuous extension to Vt which is C"(fi), and the fol- 
lowing identity holds 

{2s -n) / uf{u)dx + 2n / F{u)dx = T{1 + sf / (^\^ {x ■ v)da, 
Jn Jn Jan ^^'^ 

where F{t) = f, v is the unit outward normal to d^l at x, and T is the Gamma 
function. 



Note that in the fractional case the function u/6^\dn plays the role that du/dv 
plays in the classical Pohozaev identity. Moreover, if one sets s = 1 in the above 
identity one recovers the classical one, since u/5\qq_ = du/dv and r(2) = 1. 

It is quite surprising that from a nonlocal problem (1.1) we obtain a completely 
local boundary term in the Pohozaev identity. That is, although the function u 
has to be defined in all M" in order to compute its fractional Laplacian at a given 
point, knowing u only in a neighborhood of the boundary we can already compute 

Recall that problem (1.1) has an equivalent formulation given by the Caffarelli- 
Silvestre [9] associated extension problem — a local PDE in M^j;'^^. For such extension, 
some Pohozaev type identities are proved in [U O |6]. However, these identities 
contain boundary terms on the cylinder dVt x or in a half-sphere dB'^ fl M""*"^, 
which have no clear interpretation in terms of the original problem in W^. The proofs 
of these identities are similar to the one of the classical Pohozaev identity and use 
PDE tools (differential calculus identities and integration by parts). 

Sometimes it may be useful to write the Pohozaev identity as 

2sM^s(Kn) - 2n£[u\ = r(l + sY J (^^ j {x ■ u)da, 
where S is the energy functional 

(1.3) £[u] = ^[ufns^^n) - F{u)dx, 
F' = /, and 

(1.4) [«W") = iiier-FMiu.(^.) = ^ / / 'I'^^'il^i'' ^^^^- 

^ jm" jr" i-^ ~ y\ 

We have used that if u and v are if*(]R") functions and m = f = in M" \ Q, then 

(1.5) [ v{~Ayudx= [ {-Ay^\{-Ay/^vdx, 
Jn Jr" 
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which yields 



uf{u)dx 



[ \{-Ay/\\^dx = [u]hs 



As a consequence of our Pohozaev identity we obtain nonexistence resuhs for 



problem (1.1) with supercritical nonlinearities / in star-shaped domains fl. In Sec- 



tion |2] we will give, however, a short proof of this result using our method to establish 
the Pohozaev identity. This shorter proof will not require the full strength of the 
identity. 

Corollary 1.2. Let Q be a bounded, C^'^, and star-shaped domain, and let f be a 
locally Lipschitz function. If 



;i.6) 



n — 2s 



2n 



uf{u) > / f(t)dt for all u e 



then problem (1.1) admits no positive bounded solution. Moreover, if the inequality 



in (1.6) is strict, then (1.1) admits no nontrivial bounded solution. 



For the pure power nonlinearity, the result reads as follows. 



n+2s 



Corollary 1.3. Let fl be a bounded, C ' , and star-shaped domain. If p > „_2 
then problem 



;i.7) 



-A)*^ = \u\^ in Vt 
M = inW\n 



admits no positive bounded solution. Moreover, if p > ^J^ff then (1.7) admits no 
nontrivial bounded solution. 



The nonexistence of changing-sign solutions to problem (1.7) for the critical power 

T7-t-2q 

p = ^^^2^ remams open. 

Recently, M. M. Fall and T. Weth [12] have also proved a nonexistence result for 



problem (1.1) with the method of moving spheres. In their result no regularity of 
the domain is required, but they need to assume the solutions to be positive. Our 
nonexistence result is the first one allowing changing-sign solutions. In addition, 
their condition on / for the nonexistence — (1.16) in our Remark 1.14 — is more 



restrictive than ours, i.e., (1.6) and, when / = f{x,u), condition (1.15). 



The existence of weak solutions u G //^(M") to problem ( 1.1 ) for subcritical / has 
been recently proved by R. Servadei and E. Valdinoci (19| . 

The Pohozaev identity will be a consequence of the following two results. The 
first one establishes C'^(]R"') regularity for u, C"{fl) regularity for and higher 

order interior Holder estimates for u and u/S'^. It is proved in our paper |18j . 

Throughout the article, and when no confusion is possible, we will use the notation 
with /3 > to refer to the space C'^'^'{U), where k is the is greatest integer 
such that k < /3, and (3' = (3 — k. This notation is specially appropriate when we 
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work with (—A)'' in order to avoid the sphtting of different cases in the statements 
of regularity results. According to this, [■]c'3(i/) denotes the C'^'^ (U) seminorm 

\D'^u{x) - D^u{y)\ 
McHu) = Mc^.p'(u) = sup - 



\x — y\^' 



Here, by / G x 
QxR. 



we mean that / is Lipschitz in every compact subset of 
Let Q be a bounded and C^'^ domain, f G C^oli^ ^ 



u be 



Theorem 1.4 

a bounded solution of 

[—A)^u = f{x,u) in Q 

u = mM"\fi, 

and 6{x) = dist(x,(9fi). Then, 

(a) u G C'^(]R") and, for every /3 G [s, 1 + 2s), u is of class C^(f2) and 

[u]cH{^en:5{x)>p}) < Cp'^^ for all p G (0, 1). 

(b) The function u/5'^\q, can be continuously extended to Vt. Moreover, there 
exists a G (0, 1) such that G C"(fi). In addition, for all (3 E [a,s + a], 
it holds the estimate 

[M/5']c'9({xen:5(x)>p}) < <^p""^ for all p G (0, 1). 
The constants a and C depend only on Q, s, f , \\u\\Loc(^^n-j, and /3. 



Remark 1.5. For bounded solutions of (1.8), the notions of energy and viscosity 
solutions coincide (see more details in Remark 2.9 in [18j). Recall that u is an 



energy (or weak) solution of problem ( |1.8 ) ii u & 



u 



in and 



f {-Ay'\{-Ay'\dx= [ 



f{x, u)v dx 



for all V G H'{W) such that t; = in M" \ Vt. 

By Theorem 1.4 (a), any bounded weak solution is continuous up to the boundary 
and solve equation (1.8) in the classical sense, i.e., in the pointwise sense of (1.2). 



Therefore, it follows from the definition of viscosity solution (see [8]) that bounded 
weak solutions are also viscosity solutions. 

Reciprocally, by uniqueness of viscosity solutions [8] and existence of weak solution 
for the linear problem (— A)*f = f{x,u{x)), any viscosity solution u belongs to 
if*(]R") and it is also a weak solution. See UHl for more details. 



The second result towards Theorem 1.1 is the new Pohozaev identity for the 
fractional Laplacian. The hypotheses of the following proposition are satisfied for 
any bounded solution m of (1.8) whenever / G C^^l{^l x M), by our results in [18] 
(see Theorem 1.4 above). 
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Proposition 1.6. Let Q be a bounded and C^'^ domain. Assume that u is a H''^{W^) 
function which vanishes in \ Q, and satisfies 

(a) u G C*(M"') and, for every /3 G [s, 1 + 2s), u is of class and 

Mc'3({xec:5(x)>p}) < Cp'~^ for all p G (0, 1). 

(b) The function u/6''^\n can be continuously extended to Q. Moreover, there 
exists a G (0, 1) such that E C"(n). In addition, for all (3 E [a,s + a], 
it holds the estimate 

[M/51c/3({xen:5(x)>p}) < Cp°"^ for all p G (0, 1). 

(c) (— A)*^ is pointwise bounded in Q. 
Then, the following identity holds 

f {x ■ Vu){-Ayu dx = f u{-Ayu dx - + f f^Y (a; . j,)da, 

Jq '2 Jn 2 Jqq \d'J 

where v is the unit outward normal to at x, and F is the Gamma function. 

Remark 1.7. Note that hypothesis (a) ensures that (— A)'*m is defined pointwise in 
Note also that hypotheses (a) and (c) ensure that the integrals appearing in the 
above identity are finite. 

Remark 1.8. By Propositions 1.1 and 1.4 in ^18j, hypothesis (c) guarantees that 
u G C"*(]R") and ujb^ G C"(i7), but not the interior estimates in (a) and (b). 
However, under the stronger assumption (— A)'^n G C°(f2) the whole hypothesis (b) 
is satisfied; see Theorem 1.5 in 



As a consequence of Proposition 1.6, we will obtain the Pohozaev identity (The- 
orem 1.1) and also a new integration by parts formula related to the fractional 



Laplacian. This integration by parts formula follows from using Proposition |1.6 
with two different origins. 

Theorem 1.9. Let Q be a bounded and C^'^ domain, and u and v be functions 
satisfying the hypotheses in Proposition 1.6. Then, the following identity holds 

/ {-AYu v^^dx = - / u,X-Ayvdx + r{l + sy / ^^z^*c?cT 
Jn Jn Jan ^ ^ 

for i = 1, ...,n, where v is the unit outward normal to dQ at x, and F is the Gamma 
function. 



To prove Proposition |1.6| we first assume the domain Q to be star-shaped with 
respect to the origin. The result for general domains will follow from the star-shaped 
case, as seen in Section [5j When the domain is star-shaped, the idea of the proof is 
the following. First, one writes the left hand side of the identity as 

/ {x ■ Vu){-Ayu dx= — 
Jn dX 



A=l+ 



Ux{—Ayu dx, 
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U\{x) = u{\x). 

Note that ma = in ]R"\f2, since Q is star-shaped and we take A > 1 in the above 
derivative. As a consequence, we may use (1.5) with v = ux and make the change 
of variables y = \/Xx, to obtain 



Ux{—Ayu dx 



where 
Thus, 

(1.9) 

where 



-Ay/'uxi-Ay/'u dx = X'^ [ w^,w,^^, dy, 
w{x) = i-Ay/\{x). 



[x ■ Vu){-Ayu dx 



d 

dX ^^^+ 
2s — n 
2 

2s — n 



2s — n 



w'^dx + 



w^wy^ dy 
d 



dX 



A=l+ 



A=l+ 



wxwi/xdy. 



Therefore, Proposition 1.6 is equivalent to the following equality 



;i.io) 



d 

dX 



A=l+ 



WxWi/x dy = r(l + sf 



on 



{x ■ i')da. 



The quantity ^\x=i+ J^^nUJxuii/x vanishes for any C"^(]R") function w, as can be 
seen by differentiating under the integral sign. Instead, we will prove that the 
function w = {—Ay^'^u has a singularity along d^l, and that ( |1.10 ) holds. 

Next we give an easy argument to give a direct proof of the nonexistence result for 
supercritical nonlinearities without using neither equality (1.10) nor the behavior of 
{—Ay^'^u; the detailed proof is given in Section [2j 

Indeed, in contrast with the delicate equality (1.10), the inequality 

follows easily from Cauchy-Schwarz. Namely, 

h < ||wA||L2(M")||u'i/A||L2(iRn) 



/a<0 



A=l+ 



\W\ 



L2(R") 



and hence (1.11) follows. 



With this simple argument, (1.9) leads to 



r n — 2s f 

I (x ■ S/u){-Ayu dx > / u{-Ayu dx, 

Jn 2 



THE POHOZAEV IDENTITY FOR THE FRACTIONAL LAPLACIAN 7 

which is exactly the inequahty used to prove the nonexistence resuh of Corollary 



1.2 for supercritical nonlinearities. Here, one also uses that, when m is a solution of 



(1.1), then 



/ {x ■'Vu){-Ayu dx = / {x ■ V u) f {u)dx = / x ■VF{u)dx = -n I F{u)dx. 
Jn Jn Jq Jq 

This argument can be also used to obtain nonexistence results (under some decay 



assumptions) for weak solutions of (1.1) in the whole M.""; see Remark 2.2 



The identity (1.10) is the difficult part of the proof of Proposition [1.6 To prove 
it, it will be crucial to know the precise behavior of (— A)*/^u near dil — from both 
inside and outside Q. This is given by the following result. 

Proposition 1.10. Let Q be a bounded and C^'^ domain, and u be a function such 
that u = in M.'^\fl and that u satisfies (b) in Proposition 1.6 Then, there exists a 
C"(]R"') extension v of u/5'^\n such that 

(1.12) 



{-/\y/'^u{x) = ci {log 6{x) + C2Xn{x)} v{x) + h{x) 



m 



where h is a C^i 
(1.13) 



Cl 



") function, log t = minjlogt, 0}, 
_ r(l + s) sin(f) 



and 



71 



IT 



C2 



tan(f)- 



Moreover, if u also satisfies (a) in Proposition 1.6, then for all /3 G (0, 1 + s) 

(1.14) [{-Ar'Mcn{-^^--K^)>P}) < C'p-^ for all p G (0, 1), 

for some constant C which does not depend on p. 



The values ( 1.13 ) of the constants ci and C2 in ( 1.12 ) arise in the expression for the 
s/2 fractional Laplacian, (— A)'^/^, of the ID function (x^)^, and they are computed 
in the Appendix. 



Writing the first integral in (1.10) using spherical coordinates, equality (1.10) re- 
duces to a computation in dimension 1, stated in the following proposition. This 
result will be used with the function in its statement being essentially the restric- 
tion of (-A)^/2y to any ray through the origin. The constant 7 will be chosen to 
be any value in (0, s). 

Proposition 1.11. Let A and B be real numbers, and 

^{t) = A log- |t - 1| + 5x[o,i](t) + hit), 

where \og^ t = min{logt,0} and h is a function satisfying, for some constants a 
and 7 in (0, 1), and Cq > 0, the following conditions: 

(i) ll^l|c"([0,oo)) < Cq. 

(n) For all /3 G [7, 1 + 7] 



\h\ 



C/3((0,l-p)U(l+p,2)) 



<Cop- 



for all p G (0, 1). 



(in) \h'{t)\ < Cot-"^-^ and \h"{t)\ < C^t-'^^^ for allt>2. 
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Then, 



d 



up (At) ^[-\dt = A^vr^ + 5l 

Moreover, the limit defining this derivative is uniform among functions (p satisfy- 
ing (i)-(ii)-(iii) with given constants Cq, a, and'-f. 



From this proposition one obtains that the constant in the right hand side of 
r(l + s)^, is given by c^(7r^ + c^)- The constant C2 comes from an involved 



(1.10) 



expression and it is nontrivial to compute (see Proposition 3.2 in Section 5 and the 



Appendix). It was a surprise to us that its final value is so simple and, at the same 
time, that the Pohozaev constant (vr^ + C2) also simplifies and becomes r(l + s)^. 

Instead of computing explicitly the constants ci and C2, an alternative way to 
obtain the constant in the Pohozaev identity consists of using an explicit nonlinearity 



and solution to problem (1.1) in a ball. The one which is known p!3l |3] is the solution 
to problem 

(-A)^n = 1 in5^(xo) 

u = inM"\5^(xo). 



It is given by 



-2s 



UiX) 



r(n/2) 



r(^)r(i + s) 



(r — \x — Xo\ ) 



in Brixo) 



From this, it is straightforward to find the constant r(l + s)^ in the Pohozaev 
identity; see Remark A.4| in the Appendix. 

Using Theorem 1.4 and Proposition 1.6, we can also deduce a Pohozaev identity 



for problem (|1.8|), that is, allowing the nonlinearity / to depend also on x. In this 

), u be a 



case, the Pohozaev identity reads as follows. 
Proposition 1.12. Let Q be a bounded and C^'^ 



bounded solution of (1.8), and S(x) = 
u/6'\n G C"(n) 
and the following identity holds 



domain 
dist(x, 9i7). Then 

for some a G (0, 1) 



{2s -n) / uf{x,u)dx + 2n / F{ 
Jq Jn 



X, u)dx 



= r(l + s)^ / [t-] (x ■ iy)da — 2 I x-Fx{x,u)dx, 
Jan ^'^''^ Jn 

where F(x, t) = f(x, T)dT, v is the unit outward normal to dVl at x, and T is the 
Gamma function. 



From this, we deduce nonexistence results for problem (1.8) with supercritical 



nonlinearities / depending also on x. This has been done also in [12] for positive 
solutions. Our result allows changing sign solutions as well as a slightly larger class 



of nonlinearities (see Remark 1.14). 
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Corollary 1.13. LetVt he a hounded, C^'^ , and star-shaped domain, f G C^^l{Qx 
and F{x,t) = f{x,T)dr. If 

n — 2s 



;i.i5) 



uf{x,t)>nF{x,t)+x-Fx{x,t) for all xGfi and t G 



then prohlem (1.8v admits no positive hounded solution. Moreover, if the inequality 



in (1.15) is strict, then (1.8) admits no nontrivial hounded solution. 



Remark 1.14. For locally Lipschitz nonlinearities /, condition (1.15) is more general 



than the one required in [12j for their nonexistence result. Namely, [12] assumes 
that for each x G and t G M, the map 

n-\-2s 2 

(1.16) A H-). X^n-2s /(A~"-2sx, Xt) is nondecreasing for A G (0, 1]. 



Such nonlinearities automatically satisfy (1.15) 



However, in [T2j they do not need to assume any regularity on / with respect to x. 



1.11 



The paper is organized as follows. In Section [2| using Propositions 1.10 and 
(to be established later), we prove Proposition 1.6 (the Pohozaev identity) 



for strictly star-shaped domains with respect to the origin. We also establish the 
nonexistence results for supercritical nonlinearities, and this does not require any 
result from the rest of the paper. In Section [3] we establish Proposition 1.10 while 
in Section |4] we prove Proposition 1.11 Section [5] establishes Proposition L6 for 
non-star-shaped domains and all its consequences, which include Theorems |1.1| and 



1.9 and the nonexistence results. Finally, in the Appendix we compute the constants 



Ci and C2 appearing in Proposition 1.10 



2. Star-shaped domains: Pohozaev identity and nonexistence 



In this section we prove Proposition [1.6 for strictly star-shaped domains. We say 
that Q is strictly star-shaped if, for some Zq G M", 



u > for all X G dQ. 



(2.1) (x - ^o) 

The result for general C^'^ domains will be a consequence of this strictly star-shaped 
case and will be proved in Section [5j 



The proof in this section uses two of our results: Proposition 1.10 on the behavior 
Ay^'^u near dil and the one dimensional computation of Proposition 



1.11 



of 

The idea of the proof for the fractional Pohozaev identity is to use the integration 
by parts formula (1.5) with v = u\, where 



ux{x) = u{Xx), A > 1, 

and then differentiate the obtained identity (which depends on A) with respect to A 
and evaluate at A = 1. However, this apparently simple formal procedure requires 
a quite involved analysis when it is put into practice. The hypothesis that fl is 
star-shaped is crucially used in order that ux, A > 1, vanishes outside fl so that 
((L5| holds. 
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Proof of Proposition 1.6 for strictly star-shaped domains. Let us assume first that 
VL is strictly star-shaped with respect to the origin, that is, 2:9 = 0. 
Let us prove that 

d 

dX 



(2.2) 



[ {x ■\/u){-Ayudx = [ uxi-AYudx 



where ;^|^_-^+ is the derivative from the right side at A = L Indeed, let g = (— A)*^. 
By assumption (a) g is defined pointwise in Q, and by assumption (c) g G L'^{Q). 
Then, making the change of variables y = Xx and using that supp ux = jQ C Q 
since A > 1, we obtain 



d 

dX 



A=i+ Jn 



ux{x)g{x)dx = lim 



u(Xx) — u{x) 



limA-" 

A4.1 



A- 1 
u{y) -u{y/X) 



g{x)dx 



lim 

A4.1 



xn A-1 
u{y) -u{y/X) 



9{y/^)dy 



A-1 

By the dominated convergence theorem, 

u{y) -u{y/X) 



9iy/>^)dy + \im 

J{xn)\n 



-n{y/X) 
A-1 



9{y/>)dy- 



lim 

A4.1 



A-1 



9{y/^)dy= / {y ■Vu)g{y)dy, 



since g e \Vu{0\ < C6{0''^ < CX^~'6{yy-^ for all ^ in the segment 

joining y and y/X, and 6'^^^ is integrable. The gradient bound |Vm(^)| < C6{^y~^ 
follows from assumption (a) used with 13 = 1. Hence, to prove (2.2) it remains only 
to show that 

and u = outside Q. 



lim 

^-^1 J{xn]\n A — 1 
Indeed, |(Afi)\^]| < C{X - 1) and —by (a)— u e C 
Hence, ||M||L°o((An)\n) — as A J, 1 and (2.2) follows. 

Now, using the integration by parts formula (1.5) with v = ux 



ux{-Ayudx 



X' 
X' 



ux{-Ayudx 

{-Ay'\x{-Ay/\dx 

{{-Ay/^u) {Xx){-Ay/^u{x)dx 
wxw dx, 



where 



w{x) = i-Ay^Mx) 



and 



Wx[X) 



w{Xx). 
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With the change of variables y = \/~Xx this integral becomes 

A' / wxwdx = \^ / w^w-^/^dy, 

and thus 

/ ux{-Ayudx = \^ / w^w-^i^dy. 
Furthermore, this leads to 
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/ {Vu- x){-Ayudx 
Jn 



(2.3) 



d 

dX 
2s — n 
2 

2s — n 









A^ / 







\i-Ay/\\^dx + 



d\ 



A=l+ 



u{-Ayu dx + 



1 d 

2 dX 



A=l+ J^" 



^^'^i/^dy 

71 

w\Wi/x dy. 



Hence, it remains to prove that 

d 

~ dX 

where we have denoted 



(2.4) 



/A = r(i + s) 



A=l+ 



(2.5) 



h= I wxwi/x dy. 



Now, for each 9 E S"^ there exists a unique re > such that re9 E dVl. Write 
the integral (2.5) in spherical coordinates and use the change of variables t = r/rg: 



d 

dX 



A=l+ 



d 

dX 
d 

dX 
d 

dX 



[ dO f r''-^w{Xre)w (^o) dr 
=1+ Js"-! Jo V A / 



A=l+ JS 



°° n-1 fret, 



rede I {rety-'w{Xrete)w [ ^0 ] dt 



A=l+ Jdn 



{x ■ i/)da{x) / w{Xtx)w [ — ] dt, 



where we have used that 

rr ^ de 



X 



\x\ 



■ V \ da = — ix ■ v)da 
re 



with the change of variables S^~^ — dVl that maps every point in 5""^ to its radial 
projection on dVL, which is unique because of the strictly star-shapedness of VL. 
Fix Xo E dQ and define 

cp(t) = t^w (txo) = t^{-Ay/^u{txo). 

By Proposition |1.10[ 

ip{t) = Ci{log~ 5{txo) + C2X[o,i]}vitxo) + ho{t) 
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in [0, oo), where w is a C"(M"') extension of u/6^\q and ho is a C"([0, oo)) function. 
Next we will modify this expression in order to apply Proposition 

Using that f2 is C^'^ and strictly star-shaped, it is not difficult to see that ^-j^^ 
is a Lipschitz function of r in [0, oo) and bounded below by a positive constant 
(independently of Xq). Similarly, ^j;^ and )''/-}, are positive and Lipschitz 

functions of t in [0, oo). Therefore, 

log^ |t — 1| — log^ S(txo) 

is Lipschitz in [0, oo) as a function of t. 
Hence, for t G [0, oo), 

ip{t) = ci{log~ |t - 1| + C2X[o,i]}^(^a;o) + hi{t), 

where hi is a function in the same interval. 
Moreover, note that the difference 

v(txo) - v{xo) 

is and vanishes at t = 1. Thus, 

(p{t) = ci{log" 1^ - 1| + C2X[o,i]it)}v{xo) + h{t) 
holds in all [0, oo), where h is in [0, oo) if we slightly decrease a in order to kill 



the logarithmic singularity. This is condition (i) of Proposition 1.11 
From the expression 

hit) = t^{-Ay/\ (txo) - Ci{log- |t - 1| + C2Xm{t)}v{xo) 



and from (1.14) in Proposition 1.10, we obtain that h satisfies condition (ii) of 
Proposition 1.11 with 7 = s/2. 



Moreover, condition (iii) of Proposition 1.11 is also satisfied. Indeed, for x G 
M™\(2n) we have 



-Ay/\{x) = Cr. 



My) 



n\x-y\ 



-dy 



and hence 



\di{-Ay/^u{x)\ < C\x\ 



-n—s—1 



and \dij{-Ay'^u{x)\ < C\x\ 



-n—s—2 



This yields |(/?'(t)| < Cr 
for t > 2. 



-n—s—l 



< Cr^-^ and \^"{t)\ < Ct^ 



-n—s—2 



Therefore we can apply Proposition |1.11 to obtain 



d 



A=l+ ^0 



dt = {v{xo) f cI{tt'^ + C2), 



and thus 



d 

dX 



t" w{Xtxo)w 



A=l+ ^0 

for each xq G dfl. 



tXo 

X 



dt = {v{xoy^ cI{tt'' + 4) 
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Furthermore, by uniform convergence on Xq of the hmit defining this derivative 



(see Proposition 4.2 in Section |4j), this leads to 

h = Ci(7r^ + cl) / (xo ■ ly) (^(3^0)) dxo- 



d 



A=1H 



Here we have used that, for xq G dQ, v{xo) is uniquely defined by continuity as 



(a^o) 



lim 



U[XI 



x^xo, xen 6'^(x) 



Hence, it only remains to prove that 

ci{n'+ci) = ni+sr. 

But 

r{l + s) sin(f) 



Cl 



and 



TT 



TT 



C2 



tan (f ) 



and therefore 



2/ 2 I 2\ 

Ci(vr +C2) 



r(l + s)2sin2 (f) 



TT 



r(l + s)^sin^ 



ns 



1 + 



tan2(f) 
(f) 



cos 



sin^ (f ) 



= r(i + s)l 

Assume now that fl is strictly star-shaped with respect to a point zq 7^ 0. Then, 
r2 is strictly star-shaped with respect to all points z in a neighborhood of Zq. Then, 
making a translation and using the formula for strictly star-shaped domains with 
respect to the origin, we deduce 

{{x - z) ■ Vn} {-^Yudx = 



(2.6) 



u{-/\yudx+ 



Til + s) 



an 



u 



ix — z] ■ V da 



for each z in a neighborhood of zq. This yields 



(2.7) 



for i 



an 



Vi da 



n. Thus, by adding to (2.6) a linear combination of (2.7), we obtain 



[x ■ Vu){-Ayu dx 



2s — n 



u{—Ayudx 



T(l + s) 



an 



u 



X ■ V da. 



□ 
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Next we prove the nonexistence results of Corollaries 1.2, 1.3, and 1.13 for su- 
percritical nonlinearities in star-shaped domains. Recall that star-shaped means 
x • z/ > for all X G dQ. Although these corollaries follow immediately from Propo- 
sition 1.12 — as we will see in Section [5] — , we give here a short proof of their second 
part, i.e., nonexistence when the inequality (1.6) or (1.15) is strict. That is, we 
establish the nonexistence of nontrivial solutions for supercritical nonlinearities (not 
including the critical case). 

Our proof follows the method above towards the Pohozaev identity but does not 
require the full strength of the identity. In addition, in terms of regularity results 
for the equation, the proof only needs an easy gradient estimate for solutions u. 
Namely, 

IVmI < C6'~^ in 



which follows from part (a) of Theorem 1.4, proved in 



Proof of Corollaries \1. 2 , 1.3 , and 1.13 for supercritical nonlinearities. We only have 
to prove Corollary 1.13, since Corollaries 1.2 and 1.3| follow immediately from it by 



setting f{x,u) = f{u) and f{x,u) 



\u 



\p-i 



u respectively. 



(2. 



Let us prove that if Vt is star-shaped and m is a bounded solution of (1.8), then 

2s — n f f f 

uf{x,u)dx + n / F{x,u)dx — / x ■ Fx{x,u)dx > 



For this, we follow the beginning of the proof of Proposition 1.6 (given above) to 
obtain (2.3), i.e., until the identity 



(Vm ■ x){-Ayu dx 



2s — n 



u{-Ayudx + 



1 d 

2 d\ 



A=l+ 



where 
h 



wxWi/xdx, w{x) = {—Ay^'^u{x), 



and 



wx{x) = w{Xx) 



This step of the proof only need the star-shapedness of Q (and not the strictly 
star-shapedness) and the regularity result |Vm| < C6^~^ in Q, which follows from 
Theorem 1.4 proved in [TH] . 

Now, since (— A)'*m = f{x,u) in Q and 

(Vu ■ x){—Ayu = X ■ VF{x, u) — X ■ Fx{x, u), 
by integrating by parts we deduce 



—n / F{x,u)dx— / x-Fx{x,u)dx 
Jq Jn 

Therefore, we only need to show that 

d 

dX 



2s — n 



uf{x, u)dx + 



1 d 

2 dX 



h. 



A=l^ 



(2.9) 



h < 0. 



A=l^ 
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But applying Holder's inequality, for each A > 1 we have 

-^A < ||w^a||l2(M")||u^1/a||l2(k") = ||u^||i2(Kn) = h, 



and (2.9) follows. □ 



Remark 2.1. For this nonexistence result the regularity of the domain Q is only used 
for the estimate |Vm| < C6^~^. This estimate only requires Q to be Lipschitz and 
satisfy an exterior ball condition; see [TH]. In particular, our nonexistence result 
for supercritical nonlinearities applies to any convex domain, such as a square for 
instance. 

Remark 2.2. When i7 = M" or when f2 is a star-shaped domain with respect to infin- 
ity, there are two recent nonexistence results for subcritical nonlinearities. They use 
the method of moving spheres to prove nonexistence of bounded positive solutions 
in these domains. The first result is due to A. de Pablo and U. Sanchez [15], and 
they obtain nonexistence of bounded positive solutions to {—AYu = in all of 
R"', whenever s > 1/2 and 1 < p < The second result, by M. Fall and T. 



Weth [12], gives nonexistence of bounded positive solutions of (1.8) in star-shaped 
domains with respect to infinity for subcritical nonlinearities. 

Our method in the previous proof can also be used to prove nonexistence results 



for problem (1.7) in star-shaped domains with respect to infinity or in the whole 
M". However, to ensure that the integrals appearing in the proof are well defined, 
one must assume some decay on u and Vu. For instance, in the supercritical case 
p > ^^^l^ we obtain that the only solution to (— A)^^ = in all of M" decaying as 

C 



\u\ + \x ■ Vm < 



1 + Ixl 



with /3 > is M = 0. 

In the case of the whole M", there is an alternative proof of the nonexistence of 
solutions which decay fast enough at infinity. It consists of using a Pohozaev identity 
in all of M", that is easily deduced from the pointwise equality 

(-A)^(x ■ Vu) = 2s(-A)^M + X ■ V{-Ayu. 

The classification of solutions in the whole M" for the critical exponent p = 
was obtained by W. Chen, C. Li, and B. Ou in [TU]. They are of the form 



2s 



UiX] 



/i 



n-23 
2 



jj"^ + \x — Xop^ 

where n is any positive parameter and c is a constant depending on n and s. 

3. Behavior of {-Ay^'^u near dn 



The aim of this section is to prove Proposition 1.10 We will split this proof 
into two propositions. The first one is the following, and compares the behavior of 
{—Ay/'^u near dil with the one of (— A)'*/^5q, where So{x) = dist(x, (9f2)xn(a^)- 
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Proposition 3.1. Let Q be a bounded and C^'^ domain, u be a function satisfying 
(b) in Proposition 1.6 Then, there exists a C"(]R") extension v of u/5^\q, such that 

{-^yl^u{x) = {-Ay/^6'Q{x)v{x) + h{x) m 

where /i e 

Once we know that the behavior of (— A)'^/^m is comparable to the one of (— A)*/^(5g, 
Proposition 1.10 reduces to the following result, which gives the behavior of (— A)'^5q 
near 

Proposition 3.2. Let Q be a bounded and C^'^ domain, 6{x) = dist(x,9fi), and 
^0 = ^Xn- Then, 

{-Ay/^6'o{x) = Cl {log- 6{x) + C2Xn{x)} + h{x) m M", 

where c\ and C2 are constants, h is a C"(]R") function, and log" t = minjlog/f:, 0}. 
The constants C\ and C2 are given by 

1 — Z'^ 1 + 2* 

Cl = Cl 4 and €2=1 { -, n- — h t- rr— )■ dz, 



|l-2|i+* ll + ^l 



l+s 



where Cn^s is the constant appearing in the singular integral expression (1.2) for 
(—A)* in dimension n. 



The fact that the constants ci and C2 given by Proposition 3^ coincide with the 
ones from Proposition 1.10 i s pr oved in the Appendix. 

In the proof of Proposition 3.1 we need to compute (— A)'^/^ of the products = 5qV. 
For it, we will use the following elementary identity, which can be derived from (1.2): 

{-Ay{wiW2) = wi{-Ayw2 + W2i-Aywi - /,(wi, ^2), 

where 

(3.1) Is{w,,W2)ix)=Cn,sPy . >n+2s ^^Z" 

jR" F ^ y\ 

Next lemma will lead to a Holder bound for Is{6q,v). 

Lemma 3.3. Let Q be a bounded domain and 6q = dist(x, M" \ Q). Then, for each 
a G (0, 1) the following a priori bound holds 

(3.2) \\Is/2{6Q,w)\\cc./2(f^n) < C[u;]c"(M"), 
where the constant C depends only on n, s, and a. 
Proof. Let xi,X2 G M". Then, 

\I,/2{5q,w){Xi) - Is/2{5q,w){x2)\ < C„,|(Ji + J2), 

where 

f \w{xi) - w{xi + z) - W{X2) + w{x2 + z)\\6q{xi) - 6q{Xi + z)\ 
Ji = dz 
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and 

f \w{x2)-w{x2 + z)\\S'Q{xi)-S'Q{xi + z)-S'Q{x2) + 5Qix2 + z)\ 
J2 = r-, — ; dz . 

Let r = \xi — X2\- Using that H^o II c=(M") ^ 1 and supp^Q = Q, 

f \w(xi) — w{xi + z) — w(x2) + w{x2 + z)\ min{|2;|*, (diamfi)^} 
Jl < I i—j— dz 





\z 


"/^ min{ 2; 






z\ 


n+s 



<C ^ ^"^"^ , ^' ' ' ' dz 



< Cr°/^[w]c«(iR") . 
Analogously, 

J2 < Cr"/^[M;]c«(iRn) . 

The bound for ||/s/2(5o' '^)IU°°(K") obtained with a similar argument, and hence 
(Q follows. □ 

Before stating the next result, we need to introduce the following weighted Holder 
norms; see Definition 1.3 in [T8l. 



Definition 3.4. Let /3 > and a > —(5. Let P = k + (3', with k integer and 
G (0, 1]. For w e C^{n) = C'/^'in), define the semmorm 

MS = sup ( mm{5(a;),5(y)}''+'^J ^ ..1/3^ )• 



For a > — 1, we also define the norm || ■ H^.^ as follows: in case that a > 0, 



i=0 

while for — 1 < cr < 



kllS = Ikllc-^(n) + Esupf5(x)'+'^|D'^(a:)|) + H^;^"^ 



The following lemma, proved in [TS], will be used in the proof of Proposition 3.1 



below — with w replaced by v — and also at the end of this section in the proof of 
Proposition 1.10 — with w replaced by u. 

Lemma 3.5 (1181 Lemma 4.3]). Let Q be a bounded domain and a and (3 be such 
that a < s < P and (3 — s is not an integer. Let k be an integer such that P = k + P' 
with P' e (0, 1] . Then, 

(3.3) [{-^r'Mt:h < c(ikiic^(M") + ikiil.^"^) 

for all w with finite right hand side. The constant C depends only on n, s, a, and 
p. 
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Before proving Proposition 3.1 , we give an extension lemma — see [HI Theorem 1, 
Section 3.1] where the case a = 1 is proven in full detail. 

Lemma 3.6. Let a G (0,1] and V G a bounded domain. There exists a (non- 
linear) map E : C°'"(V^) — )■ C°'"(]R") satisfying 

E{w) =w inV, [i?(w)]co,«(iR") < Hco.-(y)' ^^d, ||l->(M") < ||^^||L°°(y) 

for allw e C°'"(F). 
Proof. It is immediate to check that 

E{w){x) = min |min ^w{z) + [w]^o.(y)\z - a;|"| , ||ti'||L°°{y) 

satisfies the conditions since, for all x,y,z in M", 

\z — x\" < \z — y\°' + \y — x]" . 

□ 

Now we can give the 



Proof of Proposition 3.1\ Since | ^ is C° (Vt) — by hypothesis (b) — then by Lemma 
3.6 there exists a C"(M") extension v of m/^'' In- 



Then, we have that 

{-Ay/\{x) = v{x){-Ar/\{x) + SoixYi-AfM^) - Is/2{v,S',), 

where 

{v{x)-v{y)){6^,{x)-6-^{y)) 



as defined in (3.1). This equality is valid in all of because (5q = in ]R"\i7 and 
V E C*""*"^ in n — by hypothesis (b). Thus, we only have to see that Sq{—A)'^^'^v and 
h/2{v,6'o) are C"(M") functions. 



For the first one we combine assumption (b) with /3 = s + a < 1 and Lemma 3.5 
We obtain 

(3.4) U-Ar/'vt-^''^<C, 

and this yields 6^{-Ay/^v € C"(M"). Indeed, let w = {-Ay/^v. Then, for all 
x,y such that y E Br{x), with R = 6{x)/2, we have 

\6'{x)w{x) -6'{y)w{y)\ \w{x) - w{y)\ \5'{x) - 5'{y)\ 

, , < 0[X) , , h , , . 

Ix-yl" - V ^ \x-y\°' 

Now, since 

\6'{x) -6'{y)\ < OT-"|x-yr < Cmm{6{x),6{y)y-''\x-y\'', 



using (3.4) and recalling Definition 3.4 we obtain 

\6''(x)w(x) — 6''(y)w(y)\ ^ , ^ , s -r. ,^ 

' ^ ^ , , ^^^^ < C whenever y E Br{x) , R = Six) 2. 

\x — y\°' 
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This bound can be extended to all x,y & Q, since the domain is regular, by using a 
dyadic chain of balls; see for instance the proof of Proposition 1.1 in [T8] . 
The second bound, that is, 

\\h/2iv, '^o)llc"(K") < C, 



follows from assumption (b) and Lemma 3.3 (taking a smaller a if necessary). □ 



To prove Proposition 3.2 we need some preliminaries. 
Fixed po > 0, define G C'(R) by 

(3.5) (f){x) = x'x{o,po){x) + PoX(po,+oo)(x). 

This function is a truncation of the s-harmonic function x^. We need to introduce 
because the growth at infinity of x\ prevents us from computing its (— A)'^/^. 

Lemma 3.7. Let po > 0, and let (p : ^ 



he given by (3.5). Then, we have 



(x) = ci{log |x| + C2X(o,oo)(a;)} + h{x) 

for X G (— po/2, po/2), where h G C"*([— po/2, po/2]). The constants ci and C2 are 
given by 



Cl = Ci 



and 



C2 



\l-z\^+' \l + z\^+' 



dz. 



where c„_s is the constant appearing in the singular integral expression (1.2) for 
(— A)'^ in dimension n. 



Proof. If X < Po, 

(-A)^/2^(x) = Cl, 
We need to study the first integral 



po 



X , 



\x-y 



1 + ! 



dy 



Po 



po 



\x-y 



l+s 



dy 



(3.6) J{x) 

since 
(3.7) 



PO 



y+ 



\x-y 



dy 



Ji{x) 



Mx) 



I l+s 



Po/\x\ 



{-Ay/^(f){x) -CiJ{x) = Cl 



Po 



l+s 



dz if X > 



dz if X < , 



PO 



\x-y 



l+s 



dy 



belongs to C"'([— po/2, Po/2]) as a function of x. 
Using L'Hopital's rule we find that 



lim 



Jiix) 



lim 



Jo(x) 



xiO log |x| xto log |x| 



1. 
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Moreover, 



limxi-(j((x)-iUlimx-^^ l-(Po/xr 1 



xiO \ xj xiO \ x"^ {{po/x) - ly^" X 



and 



lim(-x)^-^fj^(x)--) =lim(-x)i 

xtO \ X J xtO 



2/40" \y{l-yy+- y{l-yy+^ 

^'m = -^0 

1/4,0 y^ 



x'^ {1 + {-Po/x)y+' -X 
-1 , + 



Therefore, 
and 



" yio y' 



{Mx)-\og\x\y <C\xr' m(0,po/2] 



( J2(x) - log \x\y < C\xr' in [-po/2, 0), 
and these gradient bounds yield 

(Ji-log|-|)GC^([0,po/2]) and ( - log | • |) e C^([-po/2, 0]). 
However, these two Holder functions do not have the same value at 0. Indeed, 
lim{(Ji(x) - log |x|) - (J2(-a;) - log | - x\)] = lim{Ji(x) - J2(-x)} 

3:4-0 x4-0 



— oo 
oo 



+ T^. — rm (■ dz = C2. 



Hence, the function J{x) — log|x| — C2X(o,oo)(a^), where J is defined by (3.6), is 
C'^([— Po/2, po/2]). Recalling (3.7), we obtain the result. □ 



Next lemma will be used to prove Proposition |3.2[ Before stating it, we need the 
following 

Remark 3.8. From now on in this section, po > is a small constant depending only 
on Q, which we assume to be a bounded C^'^ domain. Namely, we assume that that 
every point on dQ can be touched from both inside and outside Q by balls of radius 
Po. In other words, given xq G dfl, there are balls of radius po, Bpg{xi) C fl and 
Bpq{x2) C M^yjl, such that Bpf^{xi)r\Bp^^{x2) = {xq}- A useful observation is that all 
points y in the segment that joins xi and X2 — through xq — satisfy 6{y) = \y — xo\. 
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Lemma 3.9. Let VL he a hounded C ' domain, 5{x) = dist(a;, 5, 
Po he given hy Remark 3j_8. Fix xq G dQ, and define 

4>xo{x) = {-^{Xo) ■ {X - Xq)) 

and 
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6xn, and 



(3i 



S. 



XQ 



{xo + tu{xo), te (-po/2,po/2)}, 



where is given hy (3.5) and z/(xo) is the unit outward normal to at xq. Define 
also w^ro = Sq- 0x'o ■ 
Then, for all x G Sx^, 

|(-A)^/V,(^) - (-A)^/Vo(xo)| < C\x-xo\'/', 
where C depends only on Vt and po (and not on Xq). 



Proof. We denote w = Wx^. Note that, along Sxq, the distance to dfl agrees with 
the distance to the tangent plane to dfl at xq; see Remark 3^, That is, denoting 
S± = {xn — XK"\n)<5 and d{x) = — z/(xo) ■ (x — xq), we have S±{x) = d{x) for all 
X G Sx(,- Moreover, the gradients of these two functions also coincide on Sxq, i.e., 
V5±(x) = —v{xq) = Vd{x) for all x G 5*^.,,. 

Therefore, for all x G Sx^ and y G i?p„/2(0), we have 

\S±{x + y) - d{x + y)\ < C\y\^ 

for some C depending only on po. Thus, for all x G Sxq and y G Bp^/2{0), 



(3.9) 



\w{x + y)\ = \{S±{x + y)y, - {d{x + < C\y 



2s 



where C is a constant depending on Vt and s. 
On the other hand, since w G C7^(]R"), then 

(3.10) \w{x + y) - w{xo + y)\<C\x- xo\'. 

Finally, let r < po/2 to be chosen later. For each x G 5*^.0 we have 

w{x + y) -w{xo + y) \ 



\{-Ay/^w{x) - {-Ay/^w{xo)\ < C 

\w{x + y) - w{xo + y)\ 



\y 



< C 



< c 



Br 



Br \y 



\y 



n+s 



dy + C 



\n+s 



'\Br 



\w{x + y) - w{xo + y)\ 

\n,\n+s 



dy 



1 2s 



n+s 



dy + C 



^\B,. \y 



X — Xq\ 

n+s 



dy 



C{r'' + \x- Xofr' 



where we have used (3.9) and (3.10). Taking r = |x — xo|^^^ the lemma is proved. □ 



The following is the last ingredient needed to prove Proposition 3.2 



Claim 3.10. Let Q he a hounded C^'^ domain, and po he given hy Remark 3.8. Let 
w he a function satisfying, for some K > 0, 
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(i) w is locally Lipschitz in {x eMJ^ : < 6{x) < p^} and 

\Vw{x)\ < K5{xY^' m {x G M" : < 5{x) < po} 

for some M > 0. 

(ii) There exists a > such that 

\w{x) - w{x*)\ < K5{xY m {x eW : Q < 5{x) < po}, 

where x* is the unique point on dQ satisfying 6{x) = \x — x*\. 

(iii) For the same a, it holds 

\\w\\c-'({S>po}) < ^■ 

Then, there exists 7 > 0, depending only on a and M, such that 

(3.11) lk||c7(M") < CK, 
where C depends only on Vt. 

Proof. First note that from (ii) and (iii) we deduce that ||w||2,oo(Kn) < CK. Let 
Pi < Po be a small positive constant to be chosen later. Let x,y E {S < po}, and 
r = \x — y\. 
If r > pi, then 

\w{x)-w{y)\ ^ 2||w|Uoo(Mn) ^ 

~ Pi ~ ' 

If r < pi, consider 

x' = X* + pQr^v{x*) and y' = y* + p^r^viri*), 

where /3 e (0, 1) is to be determined later. Choose pi small enough so that the 
segment joining x' and y' contained in the set {5 > por^/2}. Then, by (i), 

(3.12) \w{x') - w{y')\ < CK{py/2)-^'\x' - y'\ < Cr^-^^'. 



Thus, using (ii) and (3.12), 

\w{x) — w{y)\ < \w{x) — w{x*)\ + \w{x*) — w{x')\ + 

+ k(l/) - uj{y*) \ + \w{y*) - w{y') \ + \w{x') - w{y')\ 
< K6{xf + K6{y f + 2K{por'^ f + CKr^'^^^. 
Taking /3 < 1/M and 7 = min{a/3, 1 - /3M}, we find 

\w{x) — w{y)\ < CKr'^ = CK\x — yl"^. 

This proves 

Mc^({5<Po}) < CK. 

To obtain the bound (3.11) we combine the previous seminorm estimate with (iii). 

□ 



Finally, we give the proof of Proposition 3.2 
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Proof of Proposition 3.2 Let 



h{x) = {-Ay/^S',{x) - ci {log- S{x) + C2Xn{x)} . 



We want to prove that h G C"(]R") by using Claim 3.10 



On one hand, by Lemma 3.7, for all Xq G dVt and for all x G S^^, where S^^ is 
defined by (3.8), we have 

h{x) = {-/\r'Hl{x) - (-A)^/Vxo(a;) + h{y{xo) ■ {x - Xq)), 

where h is the C'^([— po/2, po/2]) function from Lemma 3.7, Hence, using Lemma 



3.9, we find 



\h{x) - h{xo)\ < C\x - Xof/"^ for all x G S^^ 
for some constant independent of Xq. 

Recall that for all x G Sx^ we have x* = xq, where x* is the unique point on dVt 
satisfying 5{x) = \x — x*\. Hence, 

(3.13) \h{x) -h{x*)\<C\x-x*\'''^ for all X G {5 < po/2} . 
Moreover, 

(3.14) ||/i||c"({5>Po/2})<C 

for all a G (0, 1 — s), where C is a constant depending only on a, Vt and po- This 
last bound is found using that ||'5ollcO'i({<5>po/2}) ^ C*, which yields 

for a < 1 — s. 

On the other hand, we claim now that if x ^ dVt and 5{x) < po/2, then 

(3.15) |V/i(x)| < |V(-A)^/25^(x)| + ci\5{x)\-^ < C|5(x)r"-^ 

Indeed, observe that 5^ = in M"\fi, |V(5^| < C5^"^ in fi, and \D'^5'q\ < CS'q-^ in 
Qpg. Then, r = 5(x)/2, 



< C 



|V^g(x)- V(5g(x + y)| 



dy 



Br 



\y\ 



+ c 



|V5^(x) 



c c 
<- + - 



c 



/y /y* /yi 



n+s 



n+s 



+ 



|V.5g(x + 

j.n+s 



dy 



as claimed. 



To conclude the proof, we use bounds (3.13), (3.14), and (3.15) and Claim 3.10 
To end this section, we give the 



□ 



Proof of Proposition 1.10 The first part follows from Propositions 3J^ and 3^ The 
second part follows from Lemma 3.5 with a = s and /3 G (s, 1 + 2s). □ 
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4. The operator - ^\x=i+ lR'^>^^yx 

The aim of this section is to prove Proposition In other words, we want to 

evaluate the operator 

(4.1) 3(w) = -— I w{Xt)w 

on 



A=l+ JO 



dt 



w{t) = Alog- \t~l\+ Bxio,i]{t) + h{t), 

where log^ t = minjlogt, 0}, A and B are real numbers, and h is a. function satisfy- 
ing, for some constants a G (0, 1), 7 G (0, 1), and Cq, the following conditions: 



(i) \\h\ 



C"((0,oo)) 



<Cn. 



(ii) For all/3G [7,1 + 7], 

ll^llcf((o,i-p)u(i+p,2)) < Cop'^ for all p G (0,1). 

(iii) \h'{t)\ < Ct-^-'< and \h"{t)\ < Cr^~'< for all t > 2. 

We will split the proof of Proposition 1.11 into three parts. The first part is the 
following, and evaluates the operator 3 on the function 

(4.2) wo{t) = Alog- \t-l\+ Bx[o,i]{t). 

Lemma 4.1. Let Wq and 3 be given by (4.2) and (4.1), respectively. Then, 

3{wo) = AV + B\ 



The second result towards Proposition 1.11 is the following. 

Lemma 4.2. Let h be a function satisfying (i), (ii), and (iii) above, and 3 be given 
by Then, 

3{h) = 0. 

Moreover, there exist constants C and v > 1, depending only on the constants a, 7, 
and Cq appearing in (i)-(ii)-(iii), such that 



h (At) h 



h{tf \ dt 



< CIA- 11 



for each A G (1,3/2). 

Finally, the third one states that 3{wq + h) = 3{wo) whenever 3{h) = 0. 

Lemma 4.3. Let wi and W2 be L^(]R) functions. Assume that the derivative at 
X = 1^ in the expression 3{wi) exists, and that 



Then, 



3{w2) = 0. 
3{wi + W2) = 3{wi). 
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Let us now give the proofs of Lemmas |4.1[ |4.2[ and |4.3[ We start proving Lemma 

\dt, 



4.3 For it, is useful to introduce the bihnear form 

oo c 

Wi (Xt) W2 



1 d 

2 dX 



{Wi,W2 

A=l+ ^0 

and more generally, the bilinear forms 
(4.3) 

(Wi,W2)a = -TTTT 7T / \wi{Xt)w2 



+ Wi 



W2 (At) 



2(A - 1) Jo 



Wi 



W2 (At) - 2wi{t)w2{t) } dt 



for A > 1. 

It is clear that \imxii{wi,W2)x = {wi,W2) whenever the limit exists, and that 
{w,w) = 3{w). The following lemma shows that these bilinear forms are positive 
definite and, thus, they satisfy the Cauchy-Schwarz inequality. 

Lemma 4.4. The following properties hold. 

(a) {wi,W2)\ is a bilinear map. 

(b) {w,w)x > for all we L^{R+). 

(c) \{Wi,W2)x\^ < iWi,Wi)xiw2,W2)x. 



Proof. Part (a) is immediate. Part (b) follows from the Holder inequality 

W^xWi/xh^ < |kA||L2|kl/A||L2 = Ik||i2, 

where wxit) = w{Xt). Part (c) is a consequence of (a) and (b). □ 
Now, Lemma [4^ is an immediate consequence of this Cauchy-Schwarz inequality. 



0. 



Proof of Lemma \4.3[ By Lemma 4.4 (iii) we have 

< \{wi,W2)x\ < A/(li^l,ti'l)AA/(^2,ti'2)A 

Thus, (^1,^2) = liniA4,i(wi, W2)a = and 

3{wi + W2) = 3{wi) + 3{w2) + 2{wi, W2) = 3{wi). 

Next we prove that 3{h) = 0. For this, we will need a preliminary lemma. 



□ 



Lemma 4.5. Let h be a function satisfying (i), (ii), and (iii) in Propostion 1.11 



X G (1,3/2), and r G (0,1) be such that t/2 > A — 1. Let a, 7, and Cq be the 
constants appearing in (i)-(ii)-(iii). Then, 



h{Xt)h 



h{tf 



Cmax{|t-A|",|t-1/A|"} t G (1 - r, 1 + r) 



< 



C{X-lf+^'\t 



-1-7 



c{X-i)h-^-'< 

where the constant C depends only on Cq. 



t G (0, 1 -r) U (1 + r,2) 
t G (2,00), 
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Proof. Let t G (1 — r, 1 + r). Let us denote h = h — h{l). Then, 



h (At) h 



h{tf = h{\t)h 



h{tf + h{l) [h{\t) + h 



Therefore, using that \h{t)\ < Co|t 
t 



h (At) h 



A 



- Kty 



< c\xt-i\ 
t 



A 

and ||/i||ioo(]fj) < Co, we obtain 
t 



- 2h{t) 



A 



+ c\t ~ ir + c\xt - ii"" + 



+c 



A 



+ C\t-1\' 



< Cmax<^ |t- A|", 



t 



A 



Let now t e (0, 1 - r) U (1 + r, 2) and recall that A G (1,1 + r/2). Define, for 
/iG[l,A], 

'?/'(/i) = (fit) h 



- hity 



By the mean value theorem, 'ip{\) = + — 1) for some G (1,A). 

Moreover, observing that ipi^l) = = 0, we deduce 

|^(A)|<(A-l)|^'(/i)-^'(l)|. 

Next we claim that 

(4.4) \^'if^)-^p'il)\<C\f,-int~l\-'-'. 

This yields the desired bound for t G (0, 1 — r) U (1 + r, 2). 
To prove this claim, note that 



ip'{fi) = th' (fit) h 



-/i (fit) h' 



Thus, using the bounds from (ii) with (3 replaced by 7, 1, and 1 + 7, 



\^P'i^^)-fil)\<t\h'i^^t)-h'it)\ 



h 



+ t 



h' 



h\t) 



h 



< C|/it - tpm"^-^ + C 
C 



t 



\h(jd)l 

7 

m^'^lt — 



-hit) 



\h\t)[ 



1-1 



C 



hit) 
t 



\h\t)\ 



- 1 



m 



-l-7_ 



+ — l^t - t\^m-^\t - + C(/i - l)|t - 1| 



1-1 



< C{ii - l)^m 

where m = min — 1|, |t — 1|, |t/yU — 1|}. 

Furthermore, since < |t — 1|/2, we have m > — 1|, and hence (4.4) follows. 
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Finally, if t G (2, oo), with a similar argument but using the bound (iii) instead 
of (ii), we obtain 

mx)\<ci\-i)h-'-\ 

and we are done. □ 

Let us now give the 
Proof of Lemma \4-^ Let us call 

For each A G (1,3/2), take r G (0,1) such that A — 1 < r/2 to be chosen later. 



h{\t)h{ J ] -h{tY}dx. 



Then, by Lemma 4.5 



|/a| < C(A-1)^+^ 



+c 



1-T /•! 

\t-l\-^-^dt + C / |t- A|°cit + 

Jl-T 

1-2 



t 



dt + C{\ - 1) 



1+7 



\t-l\-^~Ut + 



l+T 



POO 

+c{\-iY j t-^-'dt 



< C{\ - l)i+V-^ + C7 (r + A - 1)"+' + C(A - l)i+V-^ + 



+ C T + 1 



A 



Q+l 



+ C(A-1)^ 



Choose now 

r = (A-l) 
with < 1 to be chosen later. Then, 



1 



r + A - 1 < 2r and r + 1 - - < 2r, 

A 

and hence 

|/a| < C(A - l)("+i)^ + C(A - 1)1+^-^^ + C(A - 1)2. 
Finally, choose 9 such that (a + 1)^^ > 1 and 1 + 7 — 6'7 > 1, that is, satisfying 

<9<l. 

1 + a 

Then, for u = min{(a + 1)9, 1 + 7 - 7^} > 1, it holds 

t 



h (At) h{j]- h{tf \ dt 



< c|A- ir, 



as desired. 



□ 



Next we prove Lemma 4.1 
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Proof of Lemma 4-1 ■ Let 



Wi{t)=\og \t-l\ and W2{t) = X[o,i]{t)- 



We will compute first '^{wi). 
Define 



* log |r - 1| 



dr. 



It is straightforward to check that, if A > 1, the function 



A^-l 
A 



log|At-l|log 



log(A2 - 1) log 



t 
A 
t 
A 



+ (A - t) log 



A2-1 



At - 1 , , . 

+2t —log I At 

A 



is a primitive of log | At — 1 1 log || — 1 1 . Denoting Ix = wi (At) wi (|) dt, we have 



h-h 



/"'log 


Jo 










2 _ 


(- 


A 




A- 



log|At-l|log 

-^a(0)-4 
T ^ A2 









dt- 1 




Jo 



A2- 1 



A^ 



A2 - 1 



+ A 



log 



A2 



-1 + 



1 

A 

where we have used that 

"2 



log(A2-l)log 



A2 



4(A-1) 
A 







log' \t-l\dt = 2 I log^ t'dt' = 2 / r'e-'dr = 21(3) = 4. 



Therefore, dividing by A — 1 and letting X l I, 

log|t- 1| 



dX 



A=l+ 



21im 

A4.1 / a2-2 
a2- 



t 



rft + 



I: 



+ lim <( 2 log(A' - 1) log 



A2 



- 1 



A- 1 A 



The first term equals to 



lim 

M^+oo 



M 



21og|t-l| 



dt. 



M 
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while the second, using that log(l + x) ~ x for a; ~ 0, equals to 



lim|21og(A2-l) 



A2 



^ - 2 
A- 1 



+ 4-4 = 0. 



Hence, 



d 



A=l+ 



/M 
■M 



— lim 

M->+oo 



t M-^+oo J_j^ t+1 

M 



M ^ + 



1 j« t+i / 

j„ t+i / y„ 1- 

41ogi 



1^ /r?i25^*+ 

M->-+oo Uq 1 — t 

_41ogic^t 



^2 



/■^ 4 



^-1 ^2 



^2 



Furthermore, using that = Y^n>o ^^^^ 

»1 ^n+l ;l 



/■I /•! 4.n+l 

/ riogtdi = - / — - 

Jo Jo n + 1 



we obtain 



and thus 



'logt dt 
logt 



dt 



(n + l)2' 



TT 



d 

dX 



A=l+ 



Let us evaluate now 3{w2) — '3{x[o,i])- We have 



[ 

Jo 



x[o,i] (Ai) x[o,i] (xj^^^J^ y 

Therefore, differentiating with respect to A we obtain 3{w2) — 1. 
Let us finally prove that {wi,W2) — 0, i.e., that 



(4.5) 
We have 



d 

dX 



A=l+ I ^0 



log|l- Ai|(ii+ / log 



t 






rftj = 





^0 



log|l-Ai|di = ^[(Ai-l)log|l-Ai| -Ai]^ 
A 

1' 



= A 



A 



log(A^ - 1) - A, 
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and similarly, 



/ log 




/o 





dt 



1 

A' 



Thus, 



log|l - Xt\dt + 
2(A2 - 1 



A 



/ log 

'0 


t 


dt 


-2 [ lo} 


; |1 - t\dt 


-log A 


(A- 


If 


< 4(A- 


If. 


A 





Therefore (4.5) holds, and the proposition is proved. 



□ 



Finally, to end this section, we give the: 



Proof of Proposition 1.11 Let us write Lp = Wq + h, where Wq is given by (4.2). 
Then, for each A > 1 we have 

(v?, ip)\ = {wo, wo)x + 2{wo, h)x + {h, h)x, 



where (■, ■)a is defined by (4.3). Using Lemma 4.4 (c) and Lemma 4.2, we deduce 

|(<^, if)x - A^n' -B^\<\ (wo, wo)x - -B'\+C\\-1\\ 



The constants C and u depend only on a, 7, and Co, and by Lemma 4J^ the right 
hand side goes to as A J, 1, since {wq, wo)a — ^ 3f(wo) as A J, 1. □ 

5. Proof of the Pohozaev identity in non-star-shaped domains 



In this section we prove Proposition L6 for general C^'^ domains. The key idea is 
that every C^'^ domain is locally star-shaped, in the sense that its intersection with 
any small ball is star-shaped with respect to some point. To exploit this, we use a 
partition of unity to split the function u into a set of functions ui, Um, each one 
with support in a small ball. However, note that the Pohozaev identity is quadratic 
in u, and hence we must introduce a bilinear version of this identity, namely 

(5.1) 

2s — n [ , ^ , „ 

/ Mi(-A) ■U2(ix+ 



\ (X ■ Vmi)(-A)'m2C/x + / (X ■ VM2)(-A)^Mirfx 

Jo. Jn 

U2(-A)%i dx - r(l + s 



2s 



2 

Ml U2 



The following lemma states that this bilinear identity holds whenever the two 
functions Ui and U2 have disjoint compact supports. In this case, the last term 
in the previous identity equals 0, and since {—AYui is evaluated only outside the 
support of Ui, we only need to require Vtij G L^(M"). 



THE POHOZAEV IDENTITY FOR THE FRACTIONAL LAPLACIAN 31 

Lemma 5.1. Let ui and U2 he W^'^{W^) functions with disjoint compact supports 
Ki and K2 ■ Then, 

[x ■Vui){-^yu2dx + I {x ■Vu2){-Ayuidx = 

Ki Jk2 

'2s — n f , 2s — n [ , ... 

= — - — / ui{-Ayu2dx ^ — / U2{-Ayuidx. 

2 Jki 2 Jj^^ 

Proof. We claim that 

(5.2) {-Ay{x-Vui) = x-V{-Ayui + 2s{-Ayui in W\Ki. 



Indeed, using = in M" \ Ki and the definition of (—A)'' in (1.2), for each 
x e M"\Xj we have 



[-Ayix.Vu,)ix)=c^J Tf^^ldy 

Jk, f ~ y\ 



\x-y\ 

[x -y) ■Vui{y) f -x-Vui{y) 



dy + Cn,s / izr;:^dy 



K, \x — y\"'+'^^ ' 7^. \x — y\"'+'^^ 

= Cn,s j dwy (^ |^^^|f+2s ) Ui{y)dy + x ■ {-AyVui{x) 
f —2s 

= / I i^'^iiy)dy + x-v{-Ayui{x) 

J F ~ y\ 

= 2s{-Ayui{x) + X ■ V{-Ayui{x), 

as claimed. 

We also note that for all functions Wi and W2 in L^(]R") with disjoint compact 
supports Wi and W2, it holds the integration by parts formula 

(5.3) / M-AY..^f f 

Jwi Jwi Jw2 F ~ y\ JW2 

Using that {—Ayu2 is smooth in Ki and integrating by parts. 



(x ■ Vui)(-A)%2 = / Mi(-A)%2- / uix-W{-Ayu2. 

'Ki Jki Jki 

Next we apply the previous claim and also the integration by parts formula (5.3) to 
wi = Ml and W2 = X ■ Vm2. We obtain 

uix-V{-Ayu2= I ui{-Ay{x ■VU2) -2s ui{-Ayu2 

Ki Jki J Ki 



{-Ayui{x ■VU2) -2s ui{-Ayu2. 

K2 Jki 



Hence, 



[x-Vui){-Ayu2 = - [ i-Ayu,{x-Vu2) + i2s-n) [ u,{-Ayu2. 

Ki J K2 JKi 
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Finally, again by the integration by parts formula (5.3) we find 

u,i-Ayu2 = l [ u,i-Ayu2 + l [ u2i~Ayu,, 

A'l ^ JKi ^ JK2 

and the lemma follows. □ 



The second lemma states that the bilinear identity (5.1) holds whenever the two 
functions Ui and U2 have compact supports in a ball B such that i7 Hi? is star-shaped 
with respect to some point ZQinVLH B. 

Lemma 5.2. Let Q be a bounded C^'^ domain, and let B be a ball in M". Assume 
that there exists Zq & Qn B such that 

{x - zo) ■ iy{x) > for all x E dVin B. 



Let u be a function satisfying the hypothesis of Proposition \1.6 , and let ui = urji 
and U2 = ur]2, where rji G C^{B), i = 1,2. Then, the following identity holds 

r 2s — n f 

X ■Vui){-Ayu2dx + / {x ■Vu2){-Ayuidx = — - — / Ui{-Ayu2dx+ 



B JB J B 

2s — n f , ... r \2 f U1U2 



[ U2{-Aym dx - r(i + sf [ ~{x- u) da. 
Jb JdnnB 

Proof. We will show that given rj G C^{B) and letting u = ut] it holds 
(5.4) 

[x-Vuy-Ayudx='^^^ f u{-Ayudx-V{l + sf f {x-v)da. 

2 Jb JdnnB J 



From this, the lemma follows by applying (5.4) with u replaced by {rji + ri2)u and 
by (r/i — rj2)u, and subtracting both identities. 

We next prove (5.4). For it, we will apply the result for strictly star-shaped do- 
mains, already proven in Section [2] Observe that there is a C^'^ domain Vt satisfying 

{u> 0} dVt (zVtr\B and {x - zq) ■ u{x) > for all x G dQ. 

This is because, by the assumptions, fl i? is a Lipschitz polar graph about the 



point Zo G n B and suppw C B' GG B for some smaller ball B'; see Figure 5J^ 
Hence, there is room enough to round the corner that QCi B has on dQ fl dB. 



Hence, it only remains to prove that u satisfies the hypotheses of Proposition 1.6 
Indeed, since u satisfies (a) and rj is C^i^B') then u satisfies 

\^]cf^{{x(in:S(x)>p}) ^ '^P" ^ 

for all /3 G [s, 1 + 2s), where 5{x) = dist(x, dfl). 

On the other hand, since u satisfies (b) and we have ri6^/6'^ is Lipschitz in suppw 
— because dist(x, dfl \ dfl) > c > for all a; G supptt — , then we find 

for all (3 G [a, s -|- a]. 
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Figure 5.1. 

Let us see now that u satisfies (c), i.e., that (— A)*£t is bounded. For it, we use 
{-AYiuT]) = r]{-Ayu + u{-Ayri - h{u, r]) 



where Is is given by (3.1), i.e. 



h{u,ri){x) 



{u{x) -u{y)){ri{x) - ri{y)) 

\x — 



dy. 



The first term is bounded since (— A)*m so is by hypothesis. The second term is 
bounded since r] G C^(]R"). The third term is bounded because u G C"*(]R") and 
r] G Lip(M"). 



Therefore, u satisfies the hypotheses of Proposition 1.6 with f2 replaced by and 



(5.4) follows taking into account that for all xq G d^l fl suppw = dVl fl supptt we 



have 



lim 



uix) 



lim 



uix] 



□ 



We now give the 



Proof of Proposition \1.6\ Let Bi,...,Bm be balls of radius r > covering Q. By 
regularity of the domain, if r is small enough, for each i,j such that Bi Ci Bj ^ 
there exists a ball B containing B^ U Bj and a point zq & Q (1 B such that 

{x - zo) ■ iy{x) > for all x e dQnB. 

Let {il'k}k=i,...,m be a partition of the unity subordinated to Bi, ...,Bm, that is, a 

set of smooth functions ipi, ■■■,4'm such that ipi-^ 1" i'm = I in Q and that ipk has 

compact support in 5^ for each k = 1, ...,m. Define Uk = wipk- 
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Now, for each i,j G |1, m |, if Bi (1 Bj = we use Lemma 



Bi n Bj ^ we use Lemma 



5.2 



5.1 



while if 



We obtain 



{x ■Vui){-Ayujdx + I {x ■Vuj){-Ayuidx 
2s — n 



2s — n 



Ui{—Ayuj dx+ 



+ 



Uj{-Ayui dx - r(i + s) 



* fx ■ u) da 



an 



6^ 5** 



for each 1 < i < m and 1 < j < m. Therefore, adding these identities for i = 1, m 
and for j = 1, m and taking into account that Ui + ■ ■ ■ + Um = u, we find 



[x ■ Vu){-Ayudx 



2s — n 



u{-Ayudx - 



Til + s) 



an 



u 



(x ■ u) da, 



and the proposition is proved. 



□ 



To end this section we prove Theorem 1.1, Proposition 1.12, Theorem 1.9, and 
Corollaries 1.2, 1.3| and 1.13 



Proof of Proposition and Theorem \1.1\ By Theorem |1.4[ any solution u to prob- 
lem (1.8) satisfies the hypothesis of Proposition 1.6 Hence, using this proposition 
and that {—A)''^u = f{x,u), we obtain 

2s — n 



(Vm ■ x)f{x, u)dx 



uf{x, u)dx + 



Til + s) 



an 



{x ■ v)da. 



On the other hand, note that {Vu-x)f{x,u) = V {F{x,u)) ■ x — x ■ Fj.{x,u). Then, 
integrating by parts, 

/ (Vu ■ x)f{x,u)dx = —n / F{x,u)dx — / x ■ Fx{x,u)dx. 
Jn Jn Jn 

If / does not depend on x, then the last term do not appear, as in Theorem 1.1 □ 



Proof of Theorem L9 As shown in the final part of the proof of Proposition 1.6 for 
strictly star-shaped domains given in Section |2| the freedom for choosing the origin 
in the identity from this proposition leads to 



an 



w 



6' 



da 



for each 2 = 1, n. Then, the theorem follows by using this identity with w = u + v 
and with w = u — v and subtracting both identities. □ 



Proof of Corollaries 1.2, and 1.13 . We only have to prove Corollary 1.13 



smce 



Corollaries 1.2 and 1.3 follow immediately from it by setting f{x,u) = f{u) and 
f{x,u) = \u\^~^u respectively. 



By hypothesis (|1.15), we have 

uf{x,u)dx>n I F{x,u)dx+ I x-Fx{x,u)dx. 



n — 2s 



n 
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This, combined with Proposition 1.12 gives 



an 



X ■ u)da < 0. 



If f2 is star-shaped and inequahty in ( 1.15[ ) is strict, we obtain a contradiction. On 
the other hand, if inequahty in (1.15) is not strict but m is a positive solution of 
(1.8), then by the Hopf Lemma for the fractional Laplacian (see, for instance, [7j or 
Lemma 3.2 in [TS]) the function is strictly positive in Q, and we also obtain a 
contradiction. □ 

Appendix A. Calculation of the constants ci and c2 



In Proposition 3.2 we have obtained the following expressions for the constants Ci 
and C2: 



Cl = Ci 



and 



C2 



+ 



1 + 



l-xP+^ |l+a;|i+^ 



dx. 



where c„ ^ is the constant appearing in the singular integral expression for (—A)* in 
dimension n. 

Here we prove that the values of these constants coincide with the ones given in 
Proposition 1.10 We start by calculating ci. 

Proposition A.l. Let Cn^s be the normalizing constant of (—A)'* in dimension n. 
Then, 

r(l + s)sin(f ) 



Cl, 



TT 



Proof. Recall that 

(A.l) 

Thus, 



s22T (^) 

W2r(i - s)' 



Now, using the properties of the Gamma function (see for example [1]] 



r(z)r z + 



a-22 



7rr(2z) 



and 



r(z)m-z) 



TT 



sm 7r2; 



we obtain 



Cl, 



52^-1 r(i±^)r(|) s2^-i 2^-'^T{s) sr(s)sin(f) 



^ r(i-|)r(f) ^/sin(f) 

The result follows by using that zT (z) = r{l + z). 
Let us now compute the constant C2. 



71 



□ 
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Proposition A. 2. Let < s < 1. Then, 

1 — x"* 1 + x'^ ^ , n 
+ ■; TV— )■ dx 



\l-x\^+' |l + x|i+^J tan(f)' 

For it, we will need some properties of the hypergeometric function 2-^1, which 
we prove in the next lemma. Recall that this function is defined as 

f I. \ ^ {o)n{h)n rill 

2Fi{a,h-c-z) = 2^ ' ' ' ' j- for < 1, 

n>0 

where (a)„ = a{a + 1) ■ ■ ■ (a + ri — 1), and by analytic continuation in the whole 
complex plane. 

Lemma A. 3. Let 2-^1(0, c; z) he the ordinary hypergeometric function, and s G M. 
Then, 

(i) For all z eC, 

d ( ^■'+^ 

2Fi(l + s, l + s;2 + s;z) 



dz [s + l^ ' ' '^j (1-^)1+^ 

(ii) IfsE (0,1), then 

lim|^-2Fi(l + s, l + s;2 + s;x) ^ ^ 



[ s + 1 — x)*J sin(7rs) 

(iii) Ifse (0,1), then 

lim <^ ^ '—2Fi{l + s,l + s]2 + s]x) 2^1(1 + s, 1 + s; 2 + s; -x) |^ = ivr, 

x^+oo I^S + 1 S + 1 ' 

where the limit is taken on the real line. 
Proof, (i) Let us prove the equality for \z\ < 1. In this case, 
d ( z'+^ ^. .] d^{l + s)l 



5 



dz[s + l ^ ' ' ' M dz ^ (2 + s)nn\(s + l) 

V y n>0 

n>0 ■ n>0 ^ ^ 

where we have used that (2 + s)„ = ^^{l + s)n and that ^ = (-1)"(~''). Thus, 
by analytic continuation the identity holds in C. 

(ii) Recall the Euler transformation (see for example [T|) 

(A.2) 2Fiia,b;c;x) = (1 - x)'=-"-^Fi(c - a, c - 6; c; x), 

and the value at x = 1 

r(c)r(c — a — b) 

(A. 3) 2-ri(«, b; c; 1) = — — — whenever a + b < c. 

1 (c — a)L [c — b) 
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Hence, 

2Fi(l + s, 1 + s; 2 + s; x) - 



and we can use THopital's rule, 

^ 2^1(1, 1; 2 + x) - i ^1: 2^1(1, 1; 2 + x) 



lim ^ = lim 



- s(s + lK. + 2) -^^^^ + -'^ + -^^ + -'^^ 

1 r(3 + g)r(i-g) 

.s(,s + l)(s + 2) r(2)r(2) 

-r(.)r(i-s) 

TT 



sin(7rs) 



We have used that 



^ 2^1(1, 1; 2 + s; x) = ^ 2^1(2, 2; 3 + s; x) 



the Euler transformation (A. 2), and the properties of the T function 

xFfx) = r(x + 1), r(x)r(i — x) = — - — r. 

sin(7rx) 

(iii) In [2j it is proved that 

(A.4) r(a)r(6) ^ ^a + h-x) = log + R + o(l) for x ~ 1, 

L [a + 0) 1 — X 

where 

R = -^p(a) - m - 7, 

ip is the digamma function, and 7 is the Euler-Mascheroni constant. Using the Pfaff 
transformation [T] 

2Fi(a, b; c; x) = (1 - x)"" 2F1 { a,c-b;c; 

V X — 1 
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and (A.4), we obtain 

(1 - xy+' 



l + s 



2Fi{l + s,l + s;2 + s;x) 



l + s 



Fi 1 + s, 1; 2 + s; 



X 



X — 1 



log h-R + ofl) for X ~ cxD. 

1 — X 



Thus, it also holds 



-X 



l + s 



2i^i(l + s, l + s;2 + s;x) = log- hi? + o(l) for x oo 



1 — X 



and therefore the limit to be computed is now 



lim < I lo 



x—>-+oo 



1 — X 



+ R]- 



1 + x 



R 



□ 



Next we give the: 



Proof of Proposition A. 2 Let us compute separately the integrals 



1 — x"* 



1+x' 



and 



1 — x'' 1 + 



1 Ul-x|i+" |l + x|i+'' 



dx 



dx. 



By Lemma A. 3 (i), we have that 

1 + x" 



1 — X* 



+ 



(l-x)i+" (l + x)i+" 

1 



1 



X 



s+1 



dx = -(1 - x) ' 2Fi(l + s, 1 + s: 2 + s: x) 

' s + 1 ^ ' 



(1 + x) " + 2Fi(l + s, 1 + s; 2 + s; -x). 

s s + 1 



Hence, using A. 3 



h 



TT 



1 



1 



sinfvrs) s2* s + 1 



2Fi(l + s,l + s;2 + s;-l). 



Let us evaluate now I2. As before, by Lemma A. 3 (i) 

1 — X 



+ 



1 + x" 



(x-l)i+" (x + 1) 



l+s 



„s+l 



dx = -(x-l)-" + (-l)"^— 2Fi(l + s,l + s;2 + s;x) 
s s + 1 



--(1 + x)-" + 2^1(1 + s, 1 + s; 2 + s; -x). 

s s + 1 
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Hence, using A. 3 (ii) and (iii), 



-^TT + (-1)^^^ + 4l - 2^1(1 + s,l + s;2 + s; -1) 

sin(7rs) s2^ s + 1 

~m + COSfTTSj — - — - + ZSmfTTSj — - — - + 

sin(7rs) sin(7rs) 
+ ^ ^2Fi(l + s,l + s;2 + s;-l). 



tan(7rs) s2^ s + 1 
Finally, adding up the expressions for Ii and J2, we obtain 

1— X* l+X^^I TT TT 1 + COsfvrs) 

+ TV— } dX = -— r + z r = TT 



|1 — ll + xl^+'^j sin('7rs) tan(7rs) sin(7rs) 

2cOs2(f) _ TT 

" ''■2sin(f)cos(f) "tan(f)' 

as desired. □ 

Remark A. 4. It follows from Proposition |1. 11| that the constant appearing in (1.10) 
(and thus in the Pohozaev identity), r(l + s) , is given by 

2/ 2 I 2\ 

C3 = Ci(7r + C2). 

We have obtained the value of C3 by computing explicitly ci and C2. However, 
an alternative way to obtain C3 is to exhibit an explicit solution of (1.1) for some 
nonlinearity / and apply the Pohozaev identity to this solution. For example, when 
fl = -Bi(O), the solution of 

[-Ayu = 1 in5i(0) 

u = inM"\5i(0) 

can be computed explicitly [IS, E] : 

A.5 u(x) = , , ; , (1 - \x\Y ■ 

Thus, from the identity 

(A. 6) (2s ~ n) j u dx + 2n j u dx = f (t") ' ^)do' 

Jbi{0) Jbi{0) JdBi{0) ^^""^ 

we can obtain the constant C3, as follows. 
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On the one hand, 

2-2T(n/2) f , . ,2.s , 
u ax = — 7 — — : r / [1 — \x\ ) ax 



r(^)r(i + s) 



r(^)r(i + s) 

2-2T(n/2) |^„_„ir(n/2)r(l + s) 



r(^)r(i + s)' '2r(n/2 + i + s 

where we have used the definition of the Beta function 



B{a,h) = [ r-^{l-tf-^dt 
Jo 



and the identity 

T{a)T{h) 
B{a,b) = — — — . 

r(a + b) 

On the other hand, 

2 



idBiiO) ^ 



Thus, (A. 6) is equivalent to 

2-2T(n/2) ir(n/2)r(l + s) _ ( 2-^'T{n/2) 



r (^) r(l + s)2 T{n/2 + l + s) (^) + ^) 

Hence, after some simphfications, 

r(l + s)2 n + 2s^fn + 2s^ 
~ r(n/2 + 1 + 

and using that 

^r(2) = r(i + ^) 

one finally obtains 

C3 = r(i + s)\ 

as before. 



2 

o2s 
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